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Effectiveness-NTU Relationships for 
Tubular Exchangers 
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E .  M .  S m i t h ?  

The use of expressions for effectiveness (F.) and number  of transfer units (Ntu) minimizes design effort 
required in the sizing of heat exchangers. Kays and London (1) present results for a number  of cases of 
practical importance. Fur ther  examples of E-Ntu expressions for contra-parallel flow and for bayonet tube 
exchangers which do not appear to have been published, and which may be added to the collection, are 
given below. 
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I N T R O D U C T I O N  

For shell fluid mixed, the parallel-contraflow L M T D  ex- 
pression in terms of terminal temperatures was first pre- 
sented by Underwood (2) and obtained in E-Ntu form by 
Wright (3). Assumptions made in the Underwood 
analysis are listed by Jakob (4) as follows: 
(1) Steady-state conditions prevail for flow of fluids and 

temperature 
(2) Changes of state (vaporization, condensation, etc.) 

do not occur 
(3) Each fluid is so well mixed that its temperature is 

constant over the cross-section of flow 
(4) The specific heats of the two fluids are constant 
(5) The overall coefficient H is independent of place and 

temperature 
(6) The heating surface is the same in each pass 
(7) Heat losses are negligible 

The above assumptions apply also to new results (Fig. 
1) obtained for contra-parallel flow and for the four 
cases of bayonet tube exchangers (Fig. 2). Results for 
parallel-contra flow derived earlier by Wright are 
included in Fig. 1 for completeness. 
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ILLUSTRATIVE EXAMPLE 
( P A R A L L E L - C O N T R A F L O W )  

Figure 3 depicts a proposed organic fluid heater directly 
fired by natural gas. The problem is to prevent overheat- 
ing and decomposition of the organic fluid, while re- 
covering the maximum amount of energy from 
combustion products. 

Figure 4 illustrates the design concept. To limit outlet 
temperature of the organic fluid, a parallel contraflow 
pass is used to obtain the lowest exhaust gas 
temperature. 

It is essential to check the temperature of the organic 
fluid at the tube wall to assess the degree of decomposi- 
tion likely to occur. Before this can be done, bulk fluid 
temperatures have to be determined. 

Relationships governing heat transfer are as follows 

Contraflow pass Parallel-contraflow pass 

t 2 -- t 3 t l  - -  t 2 
~c = - -  8pc - -  - -  

t 2 - -  T I t l - T  2 

- - T ,  - - 

The solution of these four equations is presented in 
Table 1. 

For the configuration shown in Fig. 3 values of NTUc, 
W~ and NTUpc, W~c are known for any particular heater 
design. Numerical values for e, and epc may then be 
calculated from 

1 - exp [ -NTU~(1  - W~)] 
1 - W¢ exp [ - N T U , ( 1  - W~)] 

(standard result) 
2 

ep¢ = 1 + Wp~ + x/(1 + W~)[(1 + e-r)/(1 - e-r)]  

where F =  NrUp~x/(1 + I4~). 
Given combustion gas and organic fluid bulk entry 

temperatures t t and Tt, bulk exit temperatures t3,  T 3 and 
bulk intermediate temperatures t2, T2 may be deter- 
mined using equations from Table 1. 

t , [ l  - (1/ep¢)] - T 1 + W~e~T, 
(7) gives t 2 = 

- (1/ po) 

(1) g ives t3=ecT1 + ( 1  -ec) t2  

(6) gives T 3 --- ( W  c - Wpc)t 2 - Wet  3 + Wpct I + T t 

1 ( , )  
= - - t 2 +  1 - - -  tl (2) gives T 2 ep c epc 
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PARALLEL -CONTRAFLOW 

Orig inol  LMTD exp ress ion  in terms 
of termino l  t e m p e r o t u r e s  ob ta i ned  
by Unde rwood  ( 2 )  
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CONTRA- PARALLEL FLOW 

LMTD e x p r e s s i o n  in te rms of t e rm ina l  
t e m p e r o t u r e s  may be ob ta ined  by the 
method of Unde rwood  ( 2 )  
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express ion  obta ined by Wright (3)  
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Fig. 1. Crossflow. shell-side fluid mixed 

Fig. 2. 
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Bayonet tube exchangers  Original L M T D  expressions in terms of terminal temperatures  obtained by Hurd  (5) 
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Fig. 4. Tempcrature profiles (schematic) for direct fired organic fluid 
heater 

Fig. 3. 
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Middle temperature Tm for the parallel-contraflow pass 
(Fig. 4)is 

T,, = t i - x/(1 + W2P~)(tl -- t2) exp ( N T U p ~ / 2 )  
2 sinh (r/2) 

Temperature drops across boundary layers may now 
be evaluated and wall temperatures determined at 
specified points. 

Note that the temperature profiles depicted in Figs. 1, 
2, and 4 will not necessarily be straight even when physi- 
cal properties of both fluids do not vary with tempera- 
ture. If more precise knowledge of conditions along each 
pass is required, then it would be necessary to return to 
the solution of the differential equations quoted in the 
original papers by Underwood (2)and Hurd (5)which 
provide the desired relationships. 

Usually it is possible to make reasonable engineering 
decisions without resort to such detailed analysis, but 
special care must be exercised if physical properties of 
either single-phase fluid vary significantly with tempera- 
ture. In particular, results in this paper should not be 
used when phase changes are encountered. 

BAYONET HEAT EXCHANGERS 

These  are some t imes  of  in teres t  in the chemica l  indus t ry  
when  co r ro s ion - r e s i s t an t  meta l s  m a y  on ly  be ava i lab le  
in s t ra ight  t u b u l a r  form. F i g u r e  5 i l lus t ra tes  a des ign  to 
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Bayonet tube exchanger after Hurd (5) 
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Table I 

Solution of Terminal Temperatures 

Equation 

(1) 
(2) 
(3) 
(4) 

(1) 
(2) + ~p¢ = (2) 

(3) 
(4) 

Unknown temperatures 

t2 ts T2 7"3 

(1 - e¢ )  - 1  
- I epc 

We - w ~  - 1  
--Wpc 1 

(1 - ~ )  - 1 
-(1/epo) 1 

W~ -W~ - 1  
--Wpc 1 

- 1  

RHS 

-~c 7"1 
t1(Sp¢ - 1) 
-7"1 
-- Wpct I 

-~c Tl 
t,(1 - 1/%~) 
- T ,  
- -  Wpct I - 1  

(1) (1 - e c )  - 1  - ~ ¢ T ,  
(2) + (3) --  (5) (w~ - 1/~p¢) - w~ . ( 1  - I/~po) - 7-, 
( 3 ) + ( 4 ) = ( 6 )  (W, - Wpc) -I,V~ - 1  -Wp, t l - T ,  

(I) (I - ~) - 1 -~c 7"i 
(5) - We = (5) (1 - 1/I.V~ ep~) - I [t,(1 - l/ep¢) - T,]/W~ 

(6) (W~ - Wp~) - We - 1 - Wpctl - T, 

(5) -- (1) = (7) (1 -- l / W ~ p c )  - (1 - t:¢) It,(1 - 1/ep,) - T,]/W~ + e~T, 

which e-Ntu relat ionships presented earlier m a y  be 
applied. 

Hea t  transfer  on the shell-side of  such exchangers may  
be enhanced if some of  the tubes are provided with right- 
hand and left-hand slow spiral wire wraps,  and some are 
left plain. 

C a u t i o n a r y  N o t e  

With the bayone t  and hairpin tube configurat ions 
depicted, t empera tu re  differences at each end of the 
exchanger  should be checked to ensure that  t empera tu re  
cross-overs do not  occur. F o r  the design shown in Figs. 
2 and 3, since t2 and T 3 a r e  expressible in terms of  tt 
and Tt, the constra int  t2 - T3 > 0 can and should be 
tested, since solut ion of  eqs. (1 ) - (4 )does  not  ensure this 
condition.  

A C K N O W L E D G E M E N T  

The  illustrative example  is included with kind permis-  
sion of  the m a n a g e m e n t  of  the Glynwed C R U  organiza-  
tion, for w h o m  the work  was done.  
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